We formulate Poincaré formulas of complex submanifolds in almost Hermitian homogeneous spaces, using Howard's formulation of Poincaré formulas in Riemannian homogeneous spaces. This formula is an extension of Santaló's one in complex space forms.
Introduction.
Let M and N be submanifolds in a Riemannian homogeneous space G/K. Then many works in integral geometry have been concerned with computing integrals of the following form
The Poincaré formula means equalities which represent the above integral by some geometric invariants of submanifolds M and N of G/K.
Santaló [3] showed that if M and N are complex submanifolds in a complex space form G/K which satisfy dim M + dim N ≥ dim(G/K) then the Poincaré formula is expressed as a constant times the product of the volumes of M and N . Howard [1] obtained the generalized Poincaré formula in Riemannian homogeneous spaces, and he reformulated Santaló's Poincaré formula.
In the present paper, we attempt to describe this formula for complex submanifolds M and N of almost Hermitian homogeneous spaces G/K. And we show that the Poincaré formula can be expressed as a constant times the product of the volumes of M and N if K acts irreducibly on an exterior algebra (Theorem 3.1).
The second named author [2] recently extend the main result of the present article in the case of irreducible Hermitian symmetric spaces.
Preliminaries.
In this section, we shall review the generalized Poincaré formula in Riemannian homogeneous spaces obtained by Howard [1] .
Let E be a finite dimensional real vector space with an inner product. For two vector subspaces V and W of dimension p and q in E, take orthonormal bases v 1 , . . . , v p and w 1 , . . . , w q of V and W respectively, and define
This definition is independent of the choice of orthonormal bases. Furthermore, if p + q = dim E, then
where V ⊥ and W ⊥ are the orthogonal complements of V and W respectively.
Let G be a unimodular Lie group and K a closed subgroup of G. We assume that G has a left invariant Riemannian metric that is also invariant under the right actions of elements of K. This metric induces a G-invariant Riemannian metric on G/K. We denote by o the origin of G/K. For x and y in G/K and vector subspaces V and
where g x and g y are elements of G such that g x o = x and g y o = y. This definition is independent of the choice of g x and g y in G such that g x o = x and g y o = y. With these facts, the generalized Poincaré formula in homogeneous spaces can be stated, ×N (x, y) 
Then we have
Proof. Let g and k denote the Lie algebras of G and K respectively, let m denote some vector subspace of g such that g = k ⊕ m (direct sum decomposition). Then we can identify m with T o (G/K) in the natural manner. We denote by J and ·, · the complex structure and the inner product on m induced from the almost complex structure and from the G-
be orthonormal bases of (dg x ) −1 (T x (M )) and (dg y ) −1 (T ⊥ y (N )) respectively. We define
is a unitary basis of the tangent space 0) . Hence we have the following equation:
We extend ·, · to a complex bilinear form on m C , and denote by the same symbol. We note that if X and Y are both in the m (1,0) (or m (0,1) ) then X, Y = 0. So we have
From (2.1) we have 0) ), there exists a positive constant C η such that
Hence we get
be a unitary basis of ∧ p (m (1,0) ), and put r = dim(∧ p (m (1,0) )) = n p .
Since for any i and j
